Introduction

Assume G is a group and H is a subgroup of G. A simple fact is that H ◁ G if and only if N G (H) = G. H is called self-normalizing if N G (H) = H; H is called an abnormal subgroup if g ∈ ⟨H, H
g ⟩ for all g ∈ G. R. W. Carter [3] proved an abnormal subgroup must be a self-normalizing. Obviously, the concept of abnormal subgroups (self-normalizing) is an extreme case of normal subgroups. A. Fattahi [4] determined finite groups with normal and abnormal subgroups (self-normalizing). Since then, Zhang [11, 12, 13, 14] replaced the condition "normal" in [4] by quasinormal, s-quasinormal, seminormal and s-seminormal, respectively, and determined finite groups with quasinormal (squasinormal, seminormal and s-seminormal, respectively) and abnormal subgroups (self-normalizing).
It is natural to ask that if the condition "self-normalizing" in [4] is replaced by "|N G (H) : H| = p 1 p 2 · · · p s ", where p i is a prime and s is a positive integer, then what can be said about finite groups G with |N G (H) : H| = p 1 p 2 · · · p s for nonnormal subgroups H? It turned out that such groups must be groups of prime power order, i.e., finite p-groups. In this paper, we classified finite p-groups G with |N G (H) 
Lemma 2.2 ([8]). Assume G is a minimal nonabelian p-group. Then G is one of the following groups:
(1) Q 8 ; I.
Lemma 2.4 ([10]
).
Lemma 2.6 ([9]
). Assume G is a metaabelian group, a, b ∈ G and m, n are positive integers. Then
where i, j are integers and satisfy i + j ≤ m. 
Lemma 2.7 ([2, p. 73, Lemma 4.2]). Assume G is a p-group and |G
′ | = p. Then G = (A 1 * A 2 * · · · * A s )Z(G),[G, E] = E ′ , then G = E * C G (E).= p 2 = · · · = p s = p. That is, G is a p-group. Proof. By Lemma 2.2, G ∼ = M p (n, m, 1) or G ∼ = M p (n, m). If G ∼ = M p (n, m, 1), then by hypothesis we have n + m + 1 ≥ 4. From n ≥ m we get n ≥ 2. Let G = ⟨a, b, c | a p n = b p m = c p = 1, [a, b] = c, [a, c] = [b, c] = 1⟩. Obviously, ⟨b⟩ ⋬ G. On the other hand, N G (⟨b⟩) ≥ ⟨a p ⟩ × ⟨c⟩ × ⟨b⟩. Thus |N G (⟨b⟩) : ⟨b⟩| ≥ p n ≥ p 2 , a contradiction. Assume G ∼ = M p (n, m). If n ≥ 3, then let G = ⟨a, b | a p n = b p m = 1, [a, b] = a p n−1 ⟩. Obviously, ⟨b⟩ ⋬ G. On the other hand, N G (⟨b⟩) ≥ ⟨a p ⟩ × ⟨b⟩. Thus |N G (⟨b⟩) : ⟨b⟩| ≥ p n−1 ≥ p 2 , a contradiction. So n = 2. If m ≥ 3, then let G = ⟨a, b | a p 2 = b p m = 1, [a, b] = a p ⟩, where ⟨ab p m−2 ⟩ ⋬ G, o(⟨ab p m−2 ⟩) = p 2 . But N G (⟨ab p m−2 ⟩) = ⟨a⟩×⟨b p ⟩. So |N G (⟨ab p m−2 ⟩) : ⟨ab p m−2 ⟩| ≥ p m−1 ≥ p 2 , a contradiction. So m = 2. It follows that G ∼ = M p (2, 2). □ Theorem 3.5. Assume G is a finite p-group, p > 2 and |G| ≥ p 4 . Then G ∈ S 1 if and only if G is abelian or G ∼ = M p (2, 2).
Proof. ⇐=:
If G is abelian, the conclusion is true. 
Thus 
3 without loss of generality. Assume G is a counterexample of the smallest order. Then there exists
If G is the group of type III, then G/⟨b
That is, the group of type III is in S 1 .
If G is the group of type IV, considering G/⟨b 2 ⟩ and G/⟨a
That is, the group of type IV is in S 1 .
=⇒:
Assume G ∈ S 1 and G is nonabelian. We prove G is a nonabelian Dedekind 2-group as follows.
Assume G is a counterexample of the smallest order. Since Φ(G) ̸ = 1, we can take
We calculate |{⟨a⟩ g | g ∈ G}| as follows. First, we prove |{⟨a⟩
We use induction on |G|. If |G| = 2 4 and G ∈ S 1 , then we can prove G is a Dedekind group, a group of order 2 4 of maximal class 2 4 or G ∼ = M 2 (2, 2). The conclusion is true. Assume the conclusion is true for groups of order < |G|. Since G is a 2-group, there exists N ≤ G ′ ∩ Z(G) and |N | = 2. Since the condition is inheritable by quotient groups and |G/N | < |G|, G/N is one of the groups listed in theorem by induction hypothesis.
If G/N is abelian, then, in the same way as that in the case p > 2, we have
By Lemma 2.5 we get G is a 2-group of maximal class.
If G/N is the group of type III. That is,
Thus we get the following groups:
Obviously, (a1) ∼ = the group of type III; (a2) ∼ = the group of type IV. For (a3), let H = ⟨a
If G/N ∼ = the group of type IV, then, by a similar argument as that case of above paragraph, no new groups occur. The theorem is proved. □
Classifying S 2
Lemma 4.
Proof. Assume |G| = p n and |G : (3, m) , where m ≤ 3. , 1) , then, by a similar argument as that case of above paragraph, the case does not occur.
⇐=: We check case by case. (3, 1) , then G ∈ S 2 by a similar argument as that case of above paragraph. □ 
and
N G (H) ≥ ⟨H, Z(G)⟩. Thus |N G (H)| ≥ |H||Z(G)| |H∩Z(G)| ≥ p 3 ·p 4 p 2 = p 5 . It follows that |N G (H)| = p 5 , and |N G (H) : H| = p 2 . If |H| = p 2 , then H ≤ Ω 2 (G) ≤ Z(G). Thus H ⊴ G. If |H| = p, then H ≤ Ω 1 (G) ≤ Z(G). Thus H ⊴ G. So G ∈ S 2 . If G ∼ = M p (3, 2) or G ∼ = M p
Lemma 4.3. Assume G is a non-Dedekind p-group and |G| ≥
p 4 , K is a minimal nonabelian p-group. If G ∼ = K × C p , then G / ∈ S 2 . Proof. By Lemma 2.2, K ∼ = M p (n, m) or M p (n, m, 1). If K ∼ = M p (n, m, 1), then G ∼ = K × N , where N ∼ = C p , and G/N ∼ = M p (n, m, 1, G / ∈ S 2 . If K ∼ = M p (n, m), then G = ⟨a, b, c | a p n = 1, b p m = 1, c p = 1, [a, b] = a p n−1 , [a, c] = [b, c] = 1⟩. If n ≥ 3, then, by letting H = ⟨b⟩, we get H ⋬ G. But N G (H) = ⟨a p ⟩ × ⟨b⟩ × ⟨c⟩. Thus |N G (H) : H| ≥ p n ≥ p 3 , a contradiction. If n = 2, let H ∼ = ⟨b, c⟩. Then H ⋬ G. But |G : H| = p 2 . This contradicts Lemma 4.1. So G / ∈ S 2 . □
Theorem 4.4. Assume G is a finite p-groups. Then G ∈ S 2 if and only if G is one of the following mutually non-isomorphic groups
(1) M p (3, m), where m ≤ 3; (2) M p (1, 1, 1) * C p 2 ; (3) ⟨a, b, c | a p 2 = b p 2 = c p = 1, [a, b] = 1, [a, c] = b kp , [b, c] = a p b hp ⟩, if p > 2, k + 4 −1 h 2
is a fixed quadratic non-residue (mod p), where k = 1 or ν, ν is a fixed quadratic non-residue (mod p), h
Proof. =⇒: We use induction on |G|. If |G| = p 4 and G ∈ S 2 , then we can prove G is a Dedekind group, or G ∼ = M p (3, 1) or G ∼ = M p (1, 1, 1) * C p 2 . The conclusion is true. Assume the conclusion is true for groups of order < |G|. Since G is a p-group, there exists N ≤ G ′ ∩ Z(G) and |N | = p. Since the condition is inheritable by quotient groups and |G/N | < |G|, G/N is the group listed in Theorem by induction hypothesis.
It is easy to prove the following facts: 
This contradicts Lemma 4.1. So l ̸ = n. Thus we get two groups:
Then it reduces to the case (i) or (ii − 1).
First, we prove the following facts:
. By the formula of Lemma 2.6, we have
It follows that
If p > 2, then it follows from (1) and (2) that [a, (1) and (2) Since
. We will prove G does not satisfy the condition of theorem.
Assume If 
, b] = 1⟩ ∼ = the group of type (6).
. It is easy to prove the following facts:
and m, n are not 0 in the same time.
3 , a contradiction.
By the above facts we can assume
. By discussing the possible values for k, n, l, we know there exists H ∼ = M 2 (2, 2), and H ⋬ G. But |G : H| = 2 2 . This contradicts Lemma 4.1.
. It is easy to prove the following facts: 
